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ABSTRACT. Let o be an ideal of a local ring (R,m) with d = dimR. For i > d the local cohomology 
module H' a (R) vanishes. In the case that H^(R) ^ 0, at first we give a bound for depthD(H[J(R)), 
where d > 2 and (R, m) is complete. More precisely we show 

grade(b,D(H^(R))) + dimR/fa > depth(D(H^(R))) > 2, 

where 6 is an ideal of R of dimension < 2 and D(-) denotes the Matlis duality functor. Later we 
give conditions that Cohen-Macaulayness of D(HjJ(R)) fails, where d > 3. Finally, Hjj(R) ® R H^(R), 
D{H*{R)) ® R D(Hi(R)) and H^(R) <g> R D(H d a (R)) are examined. In particular, we give the necessary 
| and sufficient condition for Cohen-Macaulayness of D(H[J(R)) ®^/q D(H„(R)), where Q is a certain 

■ ideal of R. 

| 1. Introduction 

< 

Let a C R denote an ideal of a local ring (R, m) with d = dim R. Let M be a finitely generated 
R-module. For an integer i € Z, let H' a (M) denote the z'th local cohomology module of M with 
respect to a as introduced by Grothendieck (see |G) and BBr-Shl ). Let E := E R (R/m) be the 
injective hull of the R-module R/m. By D( — ) we denote the Matlis dual functor Homji(-, E). 
In algebraic geometry a (set-theoretic) complete intersection is a variety Y that can be cut out 
J> , by codim(Y) many equations. By a result of Hellus [FL Corollary 1.1.4] Matlis dual of local coho- 

mology can be useful to see whether we have a set-theoretic complete intersection ideal or not. 

Of a particular interest is the last non-vanishing degree of the local cohomology module H' a (R) 
known as the cohomological dimension cd(a, R). In general cd(a, R) < d and in the case that 
a = m, the equality occurs. Hartshorne-Lichtenbaum Vanishing Theorem gives the necessary and 
CO ' sufficient condition for non- vanishing of Ef^(R) (cf. IBr-Shl Theorem 8.2.11). Here we assume that 

H d a {R) ^ Oand give some information on D(HjJ(R)) and the tensor products of these modules. 
First, for a complete local ring (R,m) we show that depthD(H^(R)) > min{2,d} (see Theorem 
13.11 ). Then, we give an upper bound for depth(D(H^ (R))): 

grade(b,D(Hf(R)))+dimR/b > depth(D(Hf (R))) > 2, 

where b is an ideal of R of dimension at most 2 and d > 3. Hence, it provides conditions in which 
Cohen-Macaulayness of D(Eff (R)) fails (d > 3), see Remark 1531 

Recently, there were some researches on the endomorphism ring of local cohomology modules 
and their importance, see for instance |H-St|, [H-Sch|, [Sch3[ and [E-Sch[. However not so much 
is known on its dual, that is on the tensor product of local cohomology modules. Section four 
is devoted to examining the modules H A a (R) ® R H d a {R), D{H A a (R)) ® R D(H d a (R)) and H A a (R) <g> R 
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D(Hq(R)). In particular, in the case R is complete and pd R / q(Kr/q) < °o for a certain ideal Q 
of R we give the necessary and sufficient conditions for Cohen-Macaulayness of ID (Ef^(R)) ®r/q 
D(H^(R)) (see Theorem l4.2t . We denote by pd R (M) resp. Km the projective dimension resp. the 
canonical module of a finite R-module M (if it exists). 

2. Preliminaries 

Let (R, m) be a local ring of dimension d. We denote by E R (R/m) the injective hull of the 
residue field R/m = k. The Matlis duality functor Homjj ( — , E R (R/m) ) is denoted by D ( — ) . We 
state the following lemmas which we need in our proofs. 

Lemma 2.1. Let (R,m) be a complete local ring. Suppose that M and N are either Artinian or finitely 
generated R-modules. Then we have the following isomorphism 

Hom(M,N) = Hom(D(N),D(M)). 

Proof. Since N = D(D(N)) so by [R. Theorem 2.11] we get the claim as follows: 

Hom R (M,N) = HoiriR (M,D(D(IV))) 
= Hom R (D(N),D(M)). 

□ 

Lemma 2.2. Let (R, m) be a complete local ring. Let M and N be Artinian R-modules. Then we have the 
following isomorphism 

D{N) ® R M= D(Hom R (M / N)). 

Proof. It should be noted that, by Matlis duality D(N) is a finitely generated R-modules. By 
Horn — <g)-adjointness we can prove the claim as follows: 

D(N)® R M = D(N) ®k D(D(M)) 

= D(N) <g)RHom R (D(M),E(R/m)) 

= Hom R (Hom R (D(N) / D(M)),E(R/m)) (cf. EESEl 10.2.16]) 
S Hom R (Hom R (M,N),E(R/m)). 

The last isomorphism follows by l2.ll □ 

We need the definition of the canonical module of a finitely generated R-module M. To this 
end let (R, m) be the epimorphic image of a local Gorenstein ring (S, n) and n = dim S. 

Definition 2.3. (A) For a finitely generated R-module M we consider 

K(M) = Hom R (H t m (M),E R (R/m)), t = dimM. 

Because H^(M) is an Artinian R-module it turns out that K(M) is a finitely generated R-module. 
(B) This is closely related to the notion of the canonical module Km of a finitely generated R- 
module M. To this end we have to assume that (R, m) is the epimorphic image of a local Goren- 
stein ring (S, n) with n = dimS. Then Km = Extg - * (M,S) is called the canonical module of M. 
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By virtue of the Cohen's Structure Theorem and (A) there is an isomorphism K(M) — Ka. By the 
Local Duality Theorem (see |G|) there are the following isomorphisms 

Hom R (f4(M),E R (R/m)) ~ K(M) ~ %. 

Here R resp. M denote the m-adic completion of R resp. of M. 

In the following, we summarize a few results about the last non-vanishing local cohomology 
module H„(R). To this end note that a finite module M over a Noetherian ring R satisfies Serre's 
condition S n if depth M p > min{n, dim M p } for all p £ Supp M. 

Lemma 2.4. Lef (R,m) fee a complete local ring of dimension d and Hf(R) 7^ 0. 

(a) H„(R) is an Artinian R-module. 

(b) H((R) ^H d m (R/Q a (R)), where 

Q a {R) = f]{q : q primary component ofR, dimR/ q = d and Rad(a + q) = m}. 

(c) D(H„(R)) = Rr/q^r) is a finitely generated R-module. 

(d) Ann R Hf(R) = Q„(R). 

(e) dim D(H^(R)) = d. 

(f) The module D(H„(R)) satisfies Serre's condition S2. 

(g) If R/ Qo(R) is fl Cohen-Macaulay ring, then the module D(H„(R)) is Cohen-Macaulay. 

Proof. For the proof of (a), see BBr-Shl Theorem 7.1.6]. For the proof of (b), (c), (d) and (g) we 
refer to lE-Schl 3.3, 4.1(c), 4.2(a) and 4.3]. Part (e) follows by (b) and (d). The prove of (f) is a 
consequence of (c) and [Schl , Lemma 1.9]. □ 

As a technical tool, in Section three, we use the so-called formal local cohomology modules. 
We denote by S^(M) := \^m ^H' m (M / a" M) the ith formal local cohomology of M with respect to 
a. see [Sch2[ for more information and also IE1 . 

Lemma 2.5. (see ISch21 Remark 3.6 and Theorem 4.5]) Let (R, m) be a local ring. 

(a) If M is a finitely generated R-module, then 

dim R M/aM = sup{i e Z : & a (M) ^ 0}. 

(b) If the local ring (R,m) is a quotient of a local Gorenstein ring (S, n), Then 

tf a (M) = Hom R (H^'(M,S),E),z e Z, 

where M is considered as an S-module, n = dim S and E denotes the injective hull of the residue 
field R/m. 

It should be noted that H' a (M,N) = lirrt Ext' R (M/a n M, N) is known as the ith generalized 
local cohomology module provided that M and N are finitely generated R-modules. In case 
R = M, the module H l a (M, N) is the same as the ordinary local cohomology module H l a (N). 
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3. ON THE DEPTH 

Let (R, m) be a complete local ring of dimension d and a be an ideal of R. It is a well-known 
result that D(H^(R)) is a Cohen-Macaulay module of dimension d for d < 2 (see for example 
I2.4f f)). In this section we examine the depth of Matlis dual of top local cohomology modules. 

Theorem 3.1. Let (R, m) be a complete local ring of dimension d. Let H^(R) be nonzero. Then 

depth(D{H d a {R)) > min{d,2}. 

Proof. We prove the claim by induction on d. For d < 2, the claim is clear. Assume that d > 3. 

First note that by virtue of Lemma IZ4l we have H^(R) = H^(R/Q), where Q := Q a (R)- By 
the definition of Q we may deduce that m i Ass R/ Q and so depth R/Q > 0. Hence, there exists 
an element x 6 m which is nonzero divisor on R/Q. From the short exact sequence 

-> R/Q A R/Q ->■ R/(x, Q) -> 

we get the following long exact sequence 

-> D(f4(R/Q)) A D(H£(R/Q)) -> D(H^r 1 (K/(x,Q)) 

Since dim(R/ (x, Q)) = d — 1, so by induction hypothesis one can see that 

depthD(Hfr 1 (_R/(x,Q)) > 2. 
Hence, there are u, v e m \ Up eAss(D ( H i (R/Q))/xD(Hj, (R/Q))) P- Thus il follows that 

depth(D(H^(R/Q)) > 2. 

□ 

According to [H, Corollary 1.1.4] the grade(o, D(H^(R))) plays a significant role to see whether 
a is a set-theoretic complete intersection. In this direction, we try to find an explicit relation 
between depth D(H^(R)) and grade(o, D(H^(R))) (see Theorem l3.2b . To this end we denote by 
grade (M, N) the least integer i such that H' a (M, N) is nonzero for finitely generated R-modules 
M and N. 

Theorem 3.2. Let a be an ideal of a local ring [R, m). Let M and N be finitely generated R-modules. Then 

grade (M,Af) > max{0, depth N - dim M/aM}. 

In order to prove Theorem l3.2l we need some preparations. 

Remark 3.3. Let (R, m) be a local ring which is a factor ring of a Gorenstein local ring (S, n). In the 
light of Lemma 1231 we have 

dimM/aM = sup{i : £' a (M) ^ 0} 

= sup{i : H^ mS -'(M,S) ^0} 
= sup{dim S-j: H 7 qS (M, S) + 0} 
= dim S - inf {z : fij^ (M, S) ^ 0} 
= dimS — grade a (M, S), 
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where 

dimM/oM = dimS - grade(o + Ann s M). 

See Proposition 5.5]. 

Lemma 3.4. Let M and N be two finitely generated R-modules and a be an ideal ofR. Then 

grade a (M,N) > grade Q (M,R) -pd R N, 

provided that pd R N < oo . 

Proof. We argue by induction on n := pd R N. 

Put n = so N is a finite free R-module of the form N = ffifR, where f is an integer. Hence, the 
isomorphisms 

Hl(M,N) s H^(M,© t R) = © t H^(M,R) 
hold. Clearly grade a (M, N) > grade (M,R). 

Next, suppose that n > and the claim holds for n — 1. There is a finite free R-module F such 
that 

which induces pd R L = n — 1. By induction hypothesis grade n (M, L) > grade Q (M, R) — n + 1. If 
f < grade Q (M, R) — n, then it follows from the long exact sequence 

>H i a (M,F) — > H' a (M,N) — > Hj+ 1 (M, L) ••• 

that Ffj,(M, N) is zero. Hence, grade (M, N) > grade Q (M, R) - pd R N. □ 

Now is the time to give the proof of Theorem l3.2l as follows: 

Proof of Theorem 13.21 First note that by passing to the completion we may assume that R is 
a complete local ring. Then, by Cohen's structure Theorem R is a factor ring of a regular local 
ring (F, n). In the light of Independence Theorem we may assume that ^(M) = 3^ (M), where 
b := aHF. 

Using Remark l3.3l we have 

dimM/oM = dim F - grade a (M, F). 

So by Lemma [3~4l and Auslander-Buchsbaum Theorem we prove the claim as follows: 

dimM/aM = dim F - grade Q (M, F) 

> dim F - grade Q (M, N) - pd T N 
= depth N — grade a (M,N). 

□ 

Assume that b is an ideal of R of dimension at most 2 and d > 3. By virtue of Theorem l3.2l and 
I3.1l we have 

grade(b, D(H^(R))) ©dim R/b > depth(D(Hf (R))) > 2, 
which is an upper bound for depth(D(H„(R))). 

Remark 3.5. Let (R, m) be a local ring of dimension d. 
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(a) Let x be a parameter element of R. Consider :r< x >= U«>i : R z " an d following exact 
sequence 

-> : R < x >^ R -> R/Q : R < x >^ 0. 

One can see that dim(0 :r< x >) < d and dimR/ (0 :r< x >) = d. Now apply H„( — ) to 
the above short exact sequence to get the following exact sequence 

HJ|(0 : R < x >) -> H d (R) ->■ H*(R/0 : R < x >) -> 0. 

Hence, by Grothendieck's vanishing Theorem, we have the isomorphism H„(R) = 
Jif(R/0 : R <x>). 

(b) Now we give conditions that Cohen-Macaulayness of D(H^(R)) fails. Let (R,m) be a 
complete local ring, d > 3 and b be a one-dimensional ideal containing a regular element 
x of R (part one guarantees the existence of a regular element of R). Then, it implies the 
following short exact sequence 

-> R 4 R -> R/xR -> 0. 

Thus we have the following long exact sequence 

>■ H^R/xR) -> H^(R) A (R) -> 0. 

By applying D( — ) we get 

-> D(H*(R)) A D(Hf(R)) -> DfHg-^K/xR)) 

Now it yields that x is a D ( ( R ) ) -regular element. So grade(b, D(Hf (R))) > 0. Sup- 
pose that b does not contain a D(H„(R))/xD(H„(R))-regular element. Hence, I Br u-Herl 
1.2.3 and 1.2.4] imply that Ext R (R/b,D(Hf(R))) ^ and then, grade(b, D(H d a (R))) = 1. 
Therefore, in the view of Theorem 13.11 and Theorem l3.2l we have 

2 < depth(D(Hj((R)) < grade(b, D(H d a (R))) + dim R/b = 2. 

It shows that with the above assumptions D(H d (R)) is not Cohen-Macaulay for d > 3. 

4. TENSOR PRODUCTS 

Throughout this section, (R, m) is a local ring of dimension d. We assume that H d a {R) ^ 
and Q := Q a (R). In recent research there is an interest in endomorphism rings of certain local 
cohomology modules H' a (R). This was done in the case of i = d by the author and Schenzel 
(see [E-SchJ) and some conditions for Cohen-Macaulayness of HomR(H^(R), H d (R)) have been 
investigated. For the sake of completeness, we state the following result. 

Remark 4.1. Let a be an ideal of a complete local ring (R, m). Then, 

depth R (Hom R (Hf(R),Hf(R))) > min{2,d}. 

To this end note that Hom R (H^(R), H d (R)) £S Hom R (D(H^(R)), D(H d (R))) (seeED- Hence, the 
claim is clear by virtue of IBru-Herl Exer. 1.4.19] and Theorem l3.ll 

The next part of our work is to investigate the tensor product of top local cohomology modules 
and their Matlis duals. 
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Theorem 4.2. Let (R, m) be a complete local ring of dimension d. Then, the following statements hold: 

(a) H((R) ® r H*(R) is of finite length. 

(b) Assume that R/Qis a Gorenstein ring. Then, 

H d a (R) ® R H d a (R) = 0. 

(c) The ideal Q is contained in Arm R (D(H d (R)) ® R D(H d (R)) and the Krull dimension of 
D(H d a (R)) <E> R D(H d a (R)) is equal to d. 

(d) Suppose that pd R/ q(K R /q) < oo then, the following statements are equivalent : 

(1) R/Q is a Cohen-Macaulay ring. 
(2) 

Torf /Q {D(H d a (R)),D(H d a (R))) = for all i > 1 

and 

D(H d (R)) (g) R/Q D(H d (R)) is a Cohen-Macaulay RJQ-module. 

(e) Assume that R/Q satisfies S2 situation. Then, there is an isomorphism 

H d (R) ® R D(H d (R))^E R/Q (R/m). 

Proof. (a) As H^(R) is an Artinian R-module, then it follows by IIF-H1 Proposition 6.1] that 
H d a (R) <S)r H d a {R) is of finite length. 

(b) Since H d (R) (g)R H d (R) is of finite length so by Horn — ®-adjointness we have 

H d a (R)® R H d (R) = D(D(H d (R) <g>R H d (R))) 

= D(Hom R (H d (R),D(H d (R))) 
= D(Hom R (H d (R),K R/Q )). 

As R/Q is a Gorenstein ring of positive dimension then, the later module is zero. To this 
end note that the last isomorphism follows by Lemma fe.-ll 

(c) It is clear that 

Ann R (D(H^(R)) ® R D(H d (R)) D Ann R (D(H d (R))) = Q 
(see 12.4b and 

dim R (D(H^(R)) R D(H d (R))) = dim R (Supp(D(H^(R)) ® R D(H d (R)))) 

= dim R D(H d (R)) = d 

(seelZil 

(d) It should be noted that for a finite module M which has R-module and R/ Q-module 
structures then, it is clear that depth R M = depth R ^QM. Moreover, by virtue of 12.41 it 
follows that D{H d {R)) £ K R/Q . 

In order to prove that 1 implies 2, take into account that if R / Q is a Cohen-Macaulay 
ring, then D (H{j(R)) is a Cohen-Macaulay module (see !2.4b . Thus by Auslander-Buchsbaum 
Theorem we deduce that K R /q is a free R/ Q-module. Hence, 

Torf /Q (D(H^(R)),D(H^(R))) =0, for all i > 1. 
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Now using IIHu-Wl Lemma 2.2] we have 

depth(D(Hf(R)) ® R/Q D(H d (R))) = d. 

Thus D{H d (R)) R/ Q D(H d a (R)) is a Cohen-Macaulay R/Q-module. 

To show that (2) implies (1), we first use the hypothesis and I H u-WI Lemma 2.2]. Then 
we have 

(4.1) 2 depth D(H d a (R)) = depthR/ Q + depth(D(H^(R)) ® R /q D(H d (R))). 

As pd R /g(-K R /Q) < oo, then by Auslander-Buchsbaum Theorem it follows that 

depthD(H^(R)) < depthR/Q. 

Since D(H d (R)) ® R/Q D(H d (R)) is a Cohen-Macaulay R/Q-module, then in the light of 
the equality J4.H we prove the claim as follows: 

depthR/Q > depth(D(H^(R)) ® R/Q D(H d a (R))) 
= dim R/Q (D(Hf (R)) R/Q D(H d a (R))) 
= dim R/Q. 

(e) As Hf(R) is an Artinian R-module so D(H„(R)) is finite. Hence, 

Hf(R) ® R D(H d (R)) S D(Hom R (H^(R),Hf(R))) 
= D(R/Q) 
= E R/Q (R/m). 

To this end note that the first isomorphism follows by Lemma 12.21 and the second one 
follows by BE-Schl Theorem 4.2]. 

□ 

Let M and N be nonzero finitely generated modules over a local ring (R,m). M and N satisfy 
the depth formula provided that 

depth M + depth N = depth R + depth(M ® R N). 

A necessary condition for the depth formula to hold is that depth M + depth N > depth R (see 
IIHu-Wl pp. 163]). As an application of I3.1l we deduce the following result: 

Corollary 4.3. Let (R, m) be a d-dimensional complete local ring. In case d = 3 or 4, then we have 

depth(D(Hf(R) ®r D(H d (R)) > 4 - depthR. 

Corollary 4.4. Let (R,m) be a complete local ring with d > 4. Suppose that pd R ^ q{Kr/q) < oo and 
Torf /Q (D(Hf(R)),D(Hf(R))) = for alii > 0. Then, 

(a) depth(D(Hf (R)) ® R/Q D(H d (R))) > 4 - depthR/Q, 

(b) pd R/Q (D(H d (R)) ® R/Q D(H d (R))) < 2depthR/Q - 4. 

Proof. By Lemma IZ4l it follows that D(H d (R)) = K r/ q is a finitely generated module. Part (a) is 
a consequence of l3.1l and [A, Theorem 1.2]. Part (b) follows by (a) and the Auslander-Buchsbaum 
Theorem. □ 
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